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We present a description of bilayers and quasi-three dimensional stacks of Jain series of fractional
quantum Hall states using their parton descriptions, and argue for them as candidate states when
the interlayer Coulombic interaction is comparable to the intralayer Coulomb interaction. For the
bilayers, a K-matrix theory is presented and shown to be different from decoupled or bonded layers.
The quasi-3D systems have gapless gauge excitations and gapped partons that may be able to move
about in the 3D, thus presenting a toy model for quantum Hall-like states in three dimensions.
I. INTRODUCTION
Fractional quantum Hall (FQH) effect [1] is one of the
paradigmatic phenomena of strongly interacting systems
in two dimensions. While the essential physics of the ef-
fect is strictly two-dimensional, much research has been
done to study the consequences of the third spatial direc-
tion on FQH systems. Naturally, the main method for
such purposes is to construct multilayer systems whose
individual layers are FQH liquids, and then exploring the
resultant phase or phases as a function of the separation
between the layers (which effectively controls the inter-
actions or tunneling of electrons between the layers).
A panoply of emergent phases can result from the cou-
pling between the FQH layers. Couplings can come from
either interlayer Coulomb interactions or interlayer elec-
tron tunneling, both of which depend on the interlayer
separation d, and their overall effect depends on the ra-
tio of the interlayer separation to the intrinsic magnetic
length scale of the FQH layers ℓB ∝ 1/
√
B, where B is
the magnetic field. When d/ℓB ≫ 1, such that barely any
interlayer coupling exists, the result is essentially a sys-
tem of decoupled FQH layers, such as those studied in [2]
for the case of Laughlin states in each layer. On the other
hand, when d/ℓB ≪ 1 in a bilayer, the individual layers
may lose their FQH identity and effectively fuse together
into a new, generally non-FQH phase such as exciton su-
perfluid states formed from pairing between particles of
one layer with holes of the other [3,4], or interlayer paired
composite fermion condensates [5-9] for the case when
each layer is the half-filled Halperin-Lee-Read state [10].
The latter phases may also emerge when d < ℓB (but not
≪ ℓB), while when d > ℓB Halperin (m,m, n) states [11]
may emerge if interlayer tunneling is suppressed (infinite
multilayered Halperin (m,m, n) states have been studied
in [12,13]).
However, it is much less clear, even theoretically, what
the situation might be when d ∼ ℓB. This intermediate
regime is our interest in this article. For this regime, [14]
proposed a theoretical candidate multilayered state for
the case of Laughlin states [15] in each layer, which we
generalize to Jain series states [16] in each layer in this
article. Let us first see this regime in terms of various
energy scales. Each layer as a cyclotron scale ω = eB/m
and an intralayer Coulomb scale ǫ1 = e
2/ℓB. In addition,
we have the interlayer Coulomb scale ǫ2 = e
2/d and pos-
sible interlayer tunneling scale tint. Firstly, we assume
ω is much larger than other scales. Our regime is con-
cerned with the situation when the interlayer Coulomb
scale is comparable to intralayer Coulomb scale, while
interlayer tunneling is neither too strong to put the elec-
trons in interlayer bonding-antibonding orbitals nor too
weak that the layers become decoupled with respect to
the exchange of particles between them.
The theoretical method is based on the parton de-
scription [17] of fractional quantum Hall states. In this
description, an electron is imagined to be made up of
constituent partons, which are glued together through a
gluon, represented as a gauge degree of freedom (dof),
which arises physically from the redundancy in the la-
belling of partons, or equivalently, as a Lagrange mul-
tiplier for the constraints demanding that the individual
parton currents be equal to each other to be able to coher-
ently form an electron. The deconfinement phase of the
resultant parton-gauge theory corresponds to the frac-
tionalized physics of the fractional quantum Hall states
[17-19]. In [14], the authors leveraged the parton de-
scription of the Laughlin state ν = 1/3 to propose can-
didate states for the multilayered situation in the inter-
mediate energy scale regime described above. We note
that proposed partonic states may compete with a nearby
Halperin states (of same filling factor) in a real experi-
ment.
We consider specifically two representative Jain states
ν = 2/5 and ν = 2/3, as these are experimentally the
most prominent ones among the Jain heirarchy. Gener-
alization to other Jain states is straighforward. In section
II, we first review the parton construction of these states.
In section III, we study bilayers of these two Jain states
and analyse their effective theory in terms of the result-
ing K-matrix. In section IV, we study quasi-3D stacks
formed from infinitely many layers of Jain states. In this
scenario, a gapless gauge excitation with anisotropic dis-
persion emerges in the low-energy limit, and when in-
2terlayer tunneling is allowed, the partons may be able
to leave their confinement to 2D layers and able to tun-
nel between the layers. This is the main novelty, in the
quasi-3D limit, of the partonic analysis of multilayered
FQH systems as introduced by [14]. In section V, we
summarise our findings for the Jain states. A discussion
of the effect of interlayer tunneling in the low energy the-
ory is given in the appendix.
II. PARTON DESCRIPTION OF THE JAIN
STATES
We shall consider the closely related cases of ν = 2/5
and ν = 2/3 FQH states. Among the states in Jain
heirarchy, these two are the most prominent ones in ex-
periments. Generalization to general states in the Jain
states is straightforward.
In the language of composite fermions (CF) [20], both
the states corresponds to integral quantum Hall effect
of the CFs at their effective filling of 2. However, the
difference arises, within this framework, in the fact that
for the ν = 2/3 state, the CFs see a negative (with respect
to a fixed conventional direction) effective magnetic field.
We first review the so-called parton description of these
states [17]. In this description, one imagines the electron
to be made of constituent partons, and the partons are
glued together, through a gluon degree of freedom, to
constitute an whole electron. That is, the electron oper-
ator is written as c = f1f2f3. For the ν = 2/5
th state,
f1, f2 carry electrical charge of 2e/5 and f3 carries e/5.
For the ν = 2/3rd state, f1, f2 carry electrical charge
of 2e/3 and f3 carries −e/3. Clearly any relabelling of
the partons is a matter of our definition and should not
change the composite object which is the electron c here.
This means that there is a redundancy in this labelling,
and this redundancy is captured through the introduc-
tion of a gauge degree of freedom (dof), which is the
gluon. Another way to say this is that, if the partons
are to consistently be held together to form an electron,
there must be a mediating ”glue” to hold them together
(in the confinement phase), and this glue should be taken
into the description separately as a degree of freedom.
A fractionalized emergent phase of matter in which the
partons are themselves the basic degrees of freedom and
not the composite object (electrons) corresponds to the
deconfined phase of the resulting gauge-matter theory
arising out of this description [19]. The next step in this
description is to make an ansatz that the individual par-
tons occupy an integral quantum Hall state themselves.
For the ν = 2/5th state, f1, f2 are in ν
′ = 1 state while
f3 is in ν
′ = 2 state, and for the ν = 2/3rd state, f1, f2
are in ν′ = 1 state while f3 is in ν′ = −2 state.
Let us describe this quantitatively. A redefinition
fm → eiθmfm should keep the electron operator in-
variant, thus we have θ1 + θ2 + θ3 = 0. Parametriz-
ing θm = qmnA(n) (n = 1, 2), we have a U(1) × U(1)
gauge dof to which the partons are minimally coupled
with charges qmn, which we choose to be qm1 = (1,−1, 0)
and qm2 = (0,−1, 1). The partons are now put in their
respective integral quantum Hall states. For the purpose
of describing this as a continuum field theory, let us in-
troduce for f1, f2 their respective parton gauge fields α
1,
α2 and write their current as j
(m)
µ =
1
2pi ǫµνλ∂µα
(m)
ν for
the partons f1, f2, i.e., m = 1, 2 here. For the third par-
ton f3, since it occupies a ν
′ = ±2 quantum Hall state
(respectively for ν = 2/5, 2/3), we have to introduce [17]
two parton gauge fields α3a,3b with which to express its
current as j
(3)
µ =
1
2pi ǫµνλ∂µα
(3a)
ν +
1
2pi ǫµνλ∂µα
(3b)
ν . The
total Lagrangian for ν = 2/5 state is
L2/5 =
1
4π
∑
m=1,2
ǫµνλα
(m)
µ ∂να
(m)
λ +
1
4π
ǫµνλα
(3a)
µ ∂να
(3a)
λ
+
1
4π
ǫµνλα
(3b)
µ ∂να
(3b)
λ +
n=1,2∑
m=1,2
1
2π
ǫµνλqmnA(n)µ ∂να(m)λ
+
1
2π
q3nǫµνλA(n)µ ∂ν(α(3a)λ + α(3a)λ ), (2.1)
and likewise for the ν = 2/3 state,
L2/3 =
1
4π
∑
m=1,2
ǫµνλα
(m)
µ ∂να
(m)
λ −
1
4π
ǫµνλα
(3a)
µ ∂να
(3a)
λ
− 1
4π
ǫµνλα
(3b)
µ ∂να
(3b)
λ +
n=1,2∑
m=1,2
1
2π
ǫµνλqmnA(n)µ ∂να(m)λ
− 1
2π
q3nǫµνλA(n)µ ∂ν(α(3a)λ + α(3a)λ ). (2.2)
In the above Lagrangians, for brevity we have not ex-
plicitly written the terms corresponding to the minimal
coupling of the parton currents to the external electro-
magnetic field. We may also wish to include Maxwell
term(s) for the gluon gauge fields A(n), but this can ef-
fectively be safely ignored because integrating out the
gapped partons in the low-energy limit would produce
Chern-Simons terms for the gluons, with respect to which
the Maxwell terms are irrelevant in the effective theory.
As such, they may be safely ignored. We will later see
that in the multilayer situations, this will generally not
be the case for the interlayer gauge field that we will
introduce later.
Let us verify that our Lagrangians above do indeed de-
scribe the intended quantum Hall states of ν = 2/5, 2/3.
To do so, we now integrate the gluon gauge fields A(n),
which produces the constraints that the parton currents
are fixed to be equal to each other. That is, j
(1)
µ =
j
(2)
µ = j
(3)
µ . A general solution to this can be taken as
α
(1)
µ = α
(2)
µ = α
(3a)
µ + α
(3b)
µ = αµ. Denoting α
(3a)
µ = βµ,
we thus have two independent fields αµ and βµ. Substi-
tuing these in he Lagrangians above, we have,
3L2/5 =
2
4π
ǫµνλαµ∂ναλ +
1
4π
ǫµνλβµ∂νβλ
+
1
4π
ǫµνλ(α− β)µ∂ν(α− β)λ +
1
2π
eAEM,µ∂ναλ
=
3
4π
ǫµνλαµ∂ναλ +
2
4π
ǫµνλβµ∂νβλ − 1
4π
ǫµνλαµ∂νβλ
− 1
4π
ǫµνλβµ∂ναλ +
1
2π
eAEM,µ∂ναλ (2.3)
Using the K-matrix notation, we introduce a two-
component vector Λ = (α, β)T , and s = (1, 0), and write
the above Lagrangian as,
L2/5 =
1
4π
K2/5ǫµνλΛµ∂νΛλ +
1
2π
esAEM,µ∂νΛλ (2.4)
where,
K2/5 =

 3 −1
−1 2

 (2.5)
This matrix is related to the one in [17] by a simi-
larity transformation, which means that the theory de-
scribed by our K-matrix is in the same topological class
as that in [17]. In addition, as is well known [19,21], the
ground state degeneracy on a torus of a quantum Hall
state whose effective theory is described through such
a K-matrix is given by |det(K2/5)|. For the above K-
matrix then the ground state degeneracy on torus is 5,
as it should be for the FQH state at ν = 2/5.
Likewise, for the ν = 2/3 state,
L2/3 =
2
4π
ǫµνλαµ∂ναλ − 1
4π
ǫµνλβµ∂νβλ
− 1
4π
ǫµνλ(α− β)µ∂ν(α− β)λ +
1
2π
eAEM,µ∂ναλ
=
1
4π
ǫµνλαµ∂ναλ − 2
4π
ǫµνλβµ∂νβλ − 1
4π
ǫµνλαµ∂νβλ
− 1
4π
ǫµνλβµ∂ναλ +
1
2π
eAEM,µ∂ναλ
=
1
4π
K2/3ǫµνλΛµ∂νΛλ +
1
2π
esAEM,µ∂νΛλ
where,
K2/3 =

 1 −1
−1 −2

 (2.6)
Likewise, our matrix is also equivalent by a similarity
transformation to the one in [17]. The ground state de-
generacy on torus of our theory is 3, as is should be for
the FQH state at ν = 2/3.
Thus we have described the effective theories of ν =
2/5, 2/3 starting from a parton-gluon construction. Now
in the following sections, we shall use similar procedure
to describe bilayers and quasi-3D limit of these states.
III. BILAYERS
A. the ν = 2/5 case
As described in the introduction, the main goal is
to propose candidate states for the situations where, in
multilayer cases, the interlayer interaction and tunneling
strenghts are of itermediate range. To do this within the
parton description, [14] considered the interlayer interac-
tion to be mediated by another gauge field. We find this
to be a novel way to consider interlayer interactions, and
thus adopt this to our study of multilayer Jain states.
For each layer, we already have the intralayer gluon
gauge fields A(n)l , where l is the layer index (for bilayer
systems, l = 1, 2). Let us assume that the layers are
placed on or parallel to the xy-plane. The gluon gauge
fields in each layer have three components, a temporal
and two spatial (xy). To model the presence of a generic
interlayer interaction, we introduce a gauge field com-
ponent that exists in the z direction, and thus enlarge,
notationally, our A(n) fields from two spatial components
to now having three spatial components. In the appendix
we describe how interlayer tunneling of the partons can
be described in terms of monopole/anti-monopole events
in the parton current fields, which for the construction
of the effective theory below can be subsided.
We label the parton fields with the layer indices, α
(m)
l,µ ,
as well as the gluon fields, A(n)l,µ . The total effective action
is L(blr)2/5 =
∑
l=1,2
Ll2/5 + L⊥+ possible tunneling terms,
where,
Ll2/5 =
1
4π
∑
m=1,2
ǫµνλα
(m)
l,µ ∂να
(m)
l,λ +
1
4π
ǫµνλα
(3a)
l,µ ∂να
(3a)
l,λ
+
1
4π
ǫµνλα
(3b)
l,µ ∂να
(3b)
l,λ +
n=1,2∑
m=1,2
1
2π
ǫµνλqmnA(n)l,µ ∂να(m)l,λ
+
1
2π
q3nǫµνλA(n)l,µ ∂ν(α(3a)l,λ + α(3a)l,λ ), (3.1)
and
L⊥ =
∑
n
η1(∂0A(n)1,3 −A(n)1,0 +A(n)2,0 )2
−
∑
n,i
η2(∂iA(n)1,3 −A(n)1,i +A(n)2,i )2. (3.2)
Here, L⊥ is a generic Maxwell term for the dynam-
ics of the interlayer gauge interaction (layer spacing has
been put to unity here). It is the consideration of this
interlayer gauge interaction that had been missing in an-
alytical studies of multilayer quantum Hall systems be-
fore [14]. As in the previous section, we have ignored the
Maxwell terms for the intralayer gluonic interaction as
they would be suppressed in the low-energy due to the
4emergent Chern-Simons terms for them due to gapped
partons. Note that the interlayer Maxwell dynamics has
been taken to be anisotropic for the sake of generality.
The exact details of this term shall not matter in what
follows.
We may now choose a gauge A(n)1,0 = 0, go to the stan-
dard basis A(n)± = A(n)1 ±A(n)2 , the total Lagrangian be-
comes,
L(blr)2/5 =
1
4π
l=1,2∑
m=1,2
ǫµνλα
(m)
l,µ ∂να
(m)
l,λ +
1
4π
∑
l=1,2
ǫµνλα
(3a)
l,µ ∂να
(3a)
l,λ
+
1
4π
∑
l=1,2
ǫµνλα
(3b)
l,µ ∂να
(3b)
l,λ
+
∑
n
η1(A(n)−,0)2 −
∑
n,i
η2(A(n)−,i)2
+
1
4π
n=1,2∑
m=1,2
∑
±
ǫµνλqmn(A(n)±,µ∂ν(α(m)1,λ ± α(m)2,λ ))
+
1
4π
n=1,2∑
±
ǫµνλq3n(A(n)±,µ∂ν(α(3a)1,λ ± α(3a)2,λ ± α(3b)1,λ ± α(3b)2,λ )).
To obtain an effective theory in terms of the parton
fields, we now integrate out the A(n)± fields. Clearly, in-
tegrating out the A(n)− fields generate Maxwellian terms
for the parton fields which are irrelevant compared to
the Chern-Simons terms and thus may be ignored here-
after. Integrating out the A(n)+ fields produce the con-
straints that the parton currents (for each parton type)
over both the layers are equal to each other, that is,
α
(1)
1 +α
(1)
2 = α
(2)
1 +α
(2)
2 = α
(3a)
1 +α
(3a)
2 +α
(3b)
1 +α
(3b)
2 = a.
We have eight field variables and two equations, thus
there are six independent field variables. Parametriz-
ing the various variables as α
(1)
1 = a − b1, α(1)2 = b1,
α
(2)
1 = a − b2, α(2)2 = b2 , α(3a)1 = b3, α(3a)2 = b4,
α
(3b)
1 = b5, α
(3b)
2 = a − b3 − b4 − b5, substituting
these in the Lagrangian above and introducing the vec-
tor α˜ = (a, b1, b2, b3, b4, b5)
T , we have the effective La-
grangian of the bilayer as,
LbA = 1
4π
KbAǫµνλα˜µ∂ν α˜λ + 1
2π
esAEM,µ∂ν α˜λ (3.3)
where the charge vector is s = (1, 0, 0, 0, 0, 0) and
KbA =


3 −1 −1 −1 −1 −1
−1 2 0 0 0 0
−1 0 2 0 0 0
−1 0 0 2 1 1
−1 0 0 1 2 1
−1 0 0 1 1 2


(3.4)
Let us see some observable properties of this effective
theory. The ground state degeneracy of this bilayered
system on a torus is |det(KbA)| = 20. This differentiates
the partonic bilayer from a system of two decoupled ν =
2/5 layers whose toric ground state degeneracy would
be 25, as from a FQH state of total filling factor ν =
2/5 + 2/5 = 4/5, whose toric ground state degeneracy
would be 5.
A K-matrix theory also allows us to readily calcu-
late the statistics of parton excitations described by
the theory. To do this, let us first label the partons
with their corresponding vectors k1 = (0, 1, 0, 0, 0, 0)
T ,
k2 = (0, 0, 1, 0, 0, 0)
T and k3 = (1, 0, 0, 0, 0, 0)
T . Then,
the self-exchange statistics of a parton labeled by ki is
given by θi = πk
T
i K
−1ki and the mutual exchange statis-
tics between partons labeled by ki and kj is given by
θij = 2πk
T
i K
−1kj [19,21].
Thus, for the K-matrix of the partonic bilayer given
above, KbA, we have θ1 = θ2 = 7π/10 and θ3 = 4π/5.
This is distinct from the self-exchange statistical angle of
2π/5 for the 2e/5 charged excitations and 3π/5 for the
e/5 charged excitations of the ν = 2/5 FQH state [19].
The mutual braiding statistics of the partons in our
bilayer is given as θ12 = θ23 = θ13 = 4π/5.
B. the ν = 2/3 case
Similar considerations follow as in the case of the above
subsection, except with the changes in the Lagrangians
corresponding to the individual layers as described in the
previous section. For the sake of not cluttering the arti-
cle, we do not repeat writing the steps of the calculation,
and simply present below the final expression for the ef-
fective Lagrangian of the bilayer after simplification in
terms of the K-matrix,
LbB = 1
4π
KbBǫµνλα˜µ∂να˜λ + 1
2π
esAEM,µ∂ν α˜λ (3.5)
where the charge vector is s = (1, 0, 0, 0, 0, 0) and
KbB =


2 −1 −1 1 1 1
−1 2 0 0 0 0
−1 0 2 0 0 0
1 0 0 −2 −1 −1
1 0 0 −1 −2 −1
1 0 0 −1 −1 −2


(3.6)
The ground state degeneracy of this bilayered system
on a torus is |det(KbB)| = 28. This differentiates the
partonic bilayer from a system of two decoupled ν = 2/3
layers whose toric ground state degeneracy would be 9,
as from a FQH state of total filling factor ν = 2/3+2/3 =
1+1/3, whose toric ground state degeneracy would be 3.
The parton self-exchange statistical angle for this case
are θ1 = θ2 = 9π/14 and θ3 = 4π/7. The mutual ex-
change statistical angles are θ12 = θ23 = θ13 = 4π/7.
5IV. QUASI-3D MULTILAYERS
As may be evident by now, this parton description
based construction of bilayer and multilayer quantum
Hall states can be readily generalized to constructing a
quasi-three dimensional multilayer formed from stacking
a very large number of layers.
The total Lagrangian is readily written, L(3d) =∑
l
Ll2/5 + L⊥+ possible tunneling terms, where Ll2/5 is
as in eq(3.1), and
L⊥ =
∑
n,l
η1(∂0A(n)l,3 −A(n)l,0 +A(n)l+1,0)2
−
∑
n,i,l
η2(∂iA(n)l,3 −A(n)l,i +A(n)l+1,i)2. (4.1)
As before, intralayer Maxwell terms have been ignored
for our purposes of being in the low-energy limit. As be-
fore, we may integrate out the gluon and interlayer gauge
fields A(n)µ and generate an effective theory in terms of
a large number N of parton fields, and then take the
limit N →∞ to access the quasi-three dimensional limit.
However, this requires dealing with a very large K-matrix
of dimension of the order of N × N . An alternative is,
for the case of many layers, to instead integrate out the
parton fields and generate an effective theory in terms
of the gauge fields A(n)µ . This, as we shall see, generates
an effective theory with much smaller K-matrix, which
lends the theory easier to analyse for calculating, for eg.,
its dispersion.
Integrating out the gapped parton fields yields the ef-
fective Lagrangian (alongwith possible parton tunneling
terms) as,
L(3d) = 1
4π
∑
l
ǫµνλKATµ∂νAλ
+
∑
n,l
η1(∂0A(n)l,3 −A(n)l,0 +A(n)l+1,0)2
−
∑
n,i,l
η2(∂iA(n)l,3 −A(n)l,i +A(n)l+1,i)2, (4.2)
where A = (A(1),A(2))T and,
K =
(−2 −1
−1 −3
)
(4.3)
We recall that possible tunneling terms may also exist
alongside the above terms (appendix). It is also readily
seen that for the purpose of deriving the effective theory
in terms ofAµ fields, the system formed from many layers
of ν = 2/3 states has the exact same form of the effective
theory except with the resultantK-matrix for A is simply
the negative of the above equation, which reveals that
as far as universal properties are concerned, both the
stacked systems approach the same quasi-3D system.
From eq(4.2), we can readily find the dispersion of the
gauge field. We first go to the basis A± = 1√2 (A(1) ±
A(2)), in which K is diagonal. The Fourier transformed
Lagrangian in the low momenta limit and in the gauge
A0 = 0 can be written as L(3d)(~p) =
∑
r=±
Ar†LrAr, where
Lr =


−η2p2z ikrpo4pi η2p1p3
− ikrpo4pi −η2p2z η2p2p3
η2p1p3 η2p2p3 η1p
2
0 − η2(p21 + p22)

 (4.4)
where kr = −1.382,−3.618 are eigenvalues of K. From
Lr, we find a gapless mode with dispersion,
ǫ2r =
η2
η1
(p21 + p
2
2) +
16π2η22
k2r
p43 (4.5)
Thus, for the realistic case of large but finite N number
of layers, p3 π/N , and the lowest mode has the dispersion,
ǫr =
η2
η1
(p21 + p
2
2) +
16π6η22
k2rN
4
. (4.6)
Similar to the Laughlin case, the gauge mode disperses
anisotropically with similar form of the dispersion rela-
tion as in the Laughlin case of [14]. The quasi-3D sys-
tem has gapless (or nearly gapless, in a realistic situa-
tion) gauge boson excitation, as well as gapped partons
fi, which are minimally coupled to it and therefore have
long-range interactions, and moreover, their interactions
are naturally anisotropic. In addition, when interlayer
tunneling is existent, the partons due to being minimally
coupled to the gauge boson component in the z−direction
are thus free to move around in the 3D bulk and not con-
fined to the 2D layers of their original FQH states. How-
ever, the parton excitations are only fractionally charged
by construction but can not have fractional statistics in
this quasi-3D system since point-particle-like excitations
can not have fractional statistics in 3D.
Let us comment on interlayer tunneling. In the ap-
pendix, we argue that the tunneling terms correspond to
monopole events in the parton currents, and as long as
the partons have their respective Chern-Simons terms in
the theory, the monopoles are confined and are thus re-
stricted to occassional events, and as such, as far as the
low-energy effective theory is concerned, tunneling events
can be set aside (as we have done in this article). If inter-
layer tunneling grows beyond its weak strength and be-
comes comparable to the intralayer Coulomb scale, that
is, if tunneling strength tl,l+1 ∼ ǫ1, the individual layers
start to lose their QH identity so that the a priori parton
picture of the FQH states may lose meaning to begin with
and increasing strenth of tunneling events can eventually
6lead to interlayer ”fusion” into phases such as the charge
density waves or interlayer coherent composite fermion
liquid of the type described in [8]. We believe our argu-
ment above is the reason we can not say that our descrip-
tion holds for intermediate tunneling, but instead only
for weak enough tunneling such that interlayer bonding-
antibonding orbitals are not formed and then occupied
by the electrons or partons (which is expected naturally
for sufficiently strong tunneling). Perturbatively weak
tunneling events between the layers on the other hand
appear as occassional monopole-like events for the parton
currents (appendix) and can be kept under control due
to the confinement of monopoles. However, intermediate
strength of interlayer Coulombic interaction, expressed
through the interlayer Maxwell gauge dynamics, is legit-
imately accounted for by considering its strength being
comparable to intralayer Coulomb interactions and thus
by keeping them in equal footing.
Let us also comment on boundary transport of the
quasi-3D system. The boundary transport is now a
sheet-like surface transport, with components in the
xy−direction, as well as in the z−direction, the former
being quantized due to arising from the QH nature of
the individual layers in the bulk, while the latter is un-
quantized and non-topological. In the large but finite N
layers, there are O(N)×O(N) chiral modes of quantized
transport in the xy−planes due to the bulk K-matrix (in
the effective theory of the partons) being O(N)×O(N).
In the 3d limit, however, due to the gapless gauge mode
in the bulk, the quantized xy-transport may continue to
be gapless and chiral due to the underlying QH nature of
the layers in the bulk, however, the gapless gauge mode
incoheres the z-transport, which is non-quantized to be-
gin with and is basically an artifact of the interlayer tun-
neling events. The gapless mode in the bulk may also
affect the a priori chiral xy−transport due to the lack of
energetic distinction between these gapless edge modes
and the bulk gapless mode. This eventual lack of dis-
tinction may serve as an experimental signature of the
existence of a bulk gapless mode in such quasi-3D multi-
layered systems, in particular, by closely observing such
vanishing energetic distinction between the gapless chiral
edge modes and gapless bulk gauge mode as a function
of the number of layers.
V. SUMMARY
In this article, we have extended the multilayered
Laughlin partonic theory of [14] to the case of bilay-
ered and multilayered quasi-3D stacks of Jain series FQH
states using their parton descriptions, suggesting that
these may be useful candidate states for the situation
when the interlayer interactions are comparable to the
intralayer interactions, alongwith the possibility of inter-
layer tunneling. For the bilayered cases, we presented
a K-matrix theory from which we showed how the bilay-
ers represent experimentally different QH states from the
cases when the layers are either decoupled or have bonded
together to form an additive QH liquid. For the quasi-3D
stacks, we constructed its effective theory in terms of the
gauge interaction fields which have a gapless anisotrop-
ically dispersing mode in the low-energy, and discussed
its plausible consequences on the observable edge/surface
transport.
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VIII. APPENDIX
In this short appendix, we discuss interlayer tunneling
events and argue that these correspond to monopole or
anti-monopole events [22]. We define α
(m)
l,−,µ = α
(m)
l,µ −
α
(m)
l+1,µ. Thus we have j
(m)
l,−,µ = j
(p)
l,µ − j(p)l+1,µ. In-
terlayer tunneling means j−,µ is not conserved. i.e.,∫
d2xdt∂µj−,µ = ±2.
A general solution to this relation takes the form
j−,µ = 12pi ǫµνλ∂να−,λ +
∂µ
∂2 ρ, where ρ =
∑
a
qaδ
3(x − xa)
is the monopole/anti-monopole density with qa = ±1
and essentially captures the per layer parton density
changing monopole events. However, due to the Chern-
Simons terms for each type of partons in each layer, these
monopoles (and ani-monopoles) are confined in the bulk
and do not proliferate [23], implying that interlayer tun-
neling events are occassional (in the low-energy) as long
as the intrinsic QH nature of the individual layers is not
lost (as in the intermediate interlayer coupling regime)
and thus, as far as the calculations for the effective field
theory is concerned, interlayer tunneling can be set aside
(as in the text) with however keeping in mind that they
may happen with a weak probability.
